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Abstract 
In this note we shall construct a finite group G which has an automorphism a, which is not 
inner; however, the induced automorphism on SG is inner, where S is the ring of algebraic 
integers in a suitably chosen algebraic number field. A consequence of our arguments is that CL is 
inner in KG for every field K. 
1. Introduction 
It follows from a result of Coleman [l] that the natural map 
@: Out(G) -+ Out(SG) 
is injective for p-groups. Here S is the ring of integers in a global or a local number 
field K, in which p is not invertible. It is a question of Jackowski and Marciniak 
[S, 3.71 whether this happens for all finite groups G and coefficient ring Z = S. 
However, there is not yet known an example of a finite group G, where this map is 
not injective for the algebraic integers of a global field K of characteristic 0. If one 
wants to construct c( E Aut(G) with Q(U) inner on SG, then 
1. c( must be the identity on the conjugacy classes of G, 
2. c( must be inner in G on the Sylow p-subgroups, combining Sylow theorems and 
the result of Coleman (cf. [l; 7, 1.11 Section 23). 
To construct such an a is a purely group theoretical problem. However, in order to 
show that tl becomes inner on SG we have to use the following ingredients from 
integral representation theory: 
1. We show that LY is inner on hG semilocally. From this one cannot automatically 
conclude that c( is inner on HG. The obstruction is an element in the class group of ZG. 
We use class field theory - this is where K enters - to kill this obstruction. 
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2. The passage from the local to the semilocal situation becomes possible by 
interpreting automorphisms as invertible bimodules and using Frohlich’s exact se- 
quence of Picard groups [3]. 
3. Finally we are in the local respectively complete situation. Here we use Clifford 
theory’ to show that a acts as inner automorphism on the inertia gropus, after having 
applied the theorem of Noether Deuring, to pass to a splitting field. The key point in 
our construction is to involve quaternion groups in order to keep the inertia groups 
small. 
4. Let now K be any field, then there exists a rational prime 
KG N K@&,G. Thus CI induces an inner automorphism on KG. 
2. A short review of Clifford theory 
p, such that 
Since Clifford theory is essential to our arguments we give a brief summary of it as 
developed in [7, chapter XIII] as far as is needed here. 
1. Let N be a normal subgroup of a finite group G with (I G/Nl, 1 Nl) = 1. 
2. Let, furthermore, R be a complete local Dedekind domain of characteristic 
0 with residue field k of characteristic p > 0 such that the quotient field K of R is 
a splitting field for G and all of its subgroups. 
3. We assume that p does not divide the order of N. 
4. We denote by Z(M) the inertia group of the irreducible RN-lattice M in G. 
5. We assume that Z(M) is normal in G. 
6. Let CI be a group automorphism of RG that becomes inner in KG. 
7. Let eM be the central primitive idempotent of RN acting as the identity on M. 
For each t in Z(M ), the conjugate t. e,+,. t-I is again a central primitive idempotent of 
RN which acts as 1 on M, hence, eM is centralized by Z(M). 
8. If CI acts as the identity on N, we have a(eM) = eM. 
9. If now Z(M) < G, then let gl, . . , gs be a left transversal of Z(M) in G and let 
ei:= gi. e,+,. gi- ‘, i = 1, . . . , s, be the conjugates of eM in RG. Since the (yi} form 
a transversal with respect to the inertia group of M, the conjugates ei are pairwise 
orthogonal idempotents in RG. However, I;= 1 ei =: e is a central idempotent in RG. 
Now RG. e is isomorphic to an (s x s)-matrix ring, whose (i,j)-entry equals 
Bi,j:= ej. RG. ej for 1 I i, j I s, the usual Pierce decomposition. 
10. If, furthermore, x- ’ . c((x)EZ(M) for all XE G, then 
a(ei) = cl(gi’e,+.f’gi-‘) = Ct(gi).E(e,+f)‘E(gi)-’ = ei. 
For the rest of this section we assume that steps l-10 hold. 
‘The first author has learnt the way of using Clifford theory integrally from Leonard Scott. 
K. W. Roggenkamp, A. Zimmermann / Journal of Pure and Applied Algebra 103 (1995) 91-99 93 
We look at Bi,j more closely: An element g E G can be written as n. h with n E N and 
h E G/N. Then, h = gk. t with t E Z(M) and a certain k. We denote by xi the character of 
N afforded by ei. Using the normality of I(M) we calculate 
= Xi(n)‘gi’eM’g;“gk’gj’eM’g,~’ ‘t. 
If gk. gj $ gi. Z(M ), which is equivalent o gk 4 gi. g,: i . I(M ), again by the normality of 
I(M), then the above expression equals 0. Hence, 
Bi,i = gi.eMRZ(M)*eM.g;‘. 
More precisely, the above calculations show 
ei.RG.ej = gi.eM.Rl(M).eM.g,y’. 
This allows US to describe explicitly the action of a on Bi,j: 
a(:gi.eM.x.eM.g,:’ --+a(gi).eM.a(x).eM.a(g,r’) for XERI(M). (1) 
A central’ automorphism a of RG fixes the Bi,j as set for all i, j if and only if it is 
conjugation by 
Ul 0 
0 . . . I ... 0 
0 
I::I 0 0 us 
with elements {uiE(RI(M).eM)nU(KZ(M).e,)( i = 1, . . . . s}‘. 
If a acts as the identity on Z(M) and if moreover a(gi)Egi.Z(I(M)), then it acts as 
identity on gi.eM.RI(M).eM.g;‘, and furthermore uieZ(RZ(M).eM) for all 
i = 1, . ..) s. Since R is local, 
Outcent(RZ(M). eM) N Outcent(Mat,(RI(M ).eM)). 
Consequently, there is an inner automorphism y of Mat,(RZ(M). eM) = RG. e such 
that 
a=yo6 
with a central automorphism 6 acting via the identification 
2An automorphism of a ring acting as the identity on the centre of the ring is called central. 
‘Note that this can always be achieved by multiplication with a central element. 
94 K. W. Roggenkamp, A. Zimmermann / Journal of Pure and Applied Algebra IO3 (1995) 91-99 
on each of the entries Bi,j. Since 6 is then just conjugation by 
vE(Rz(M).eM)nU(Kz(M).eM), 
the unit y has to have the diagonal form analogous to that of tl. Hence, there is an 
element VE(RZ(M).~,)~U (KZ(M).e,) and elements yip U(RZ(M).e,) such that 
Ui = yi ’ II E Z(RZ(M ) ’ eM). 
Therefore, 
Ui. UJY ’ E U(RZ(M ). eM) for all 1 I i, j I S. 
We summarize these observations, which we shall apply in the next section, as 
Proposition 1. With the above notation, assume that one of the elements ui can be chosen 
to be a unit in RZ(M)‘eM, then the automorphism CI is inner. 
3. The construction of the group and of the automorphism 
Let R be the semidirect product of the cyclic group of order 8, generated by a, with 
its automorphism group C2 x C2, generated by &and C such that 6 inverts a and Crises 
a to the third power. Z? has a non-inner central automorphism d sending C to a4F and 
fixing band a (cf. [SJ). Let 
Ho:= (C,xl(Cz x C,))xl(a). 
Factoring out the centre of a quaternion group Q8 of order 8, the group Qs generated 
by b and c maps onto C2 x C2, the image of b being band that of c being C, this natural 
projection is called nQ. We form the pullback 
l-+Cg- H- QsxCz-1 
For H we form two irreducible modules MI and M2 such that for each iE { 1,2} the 
element a acts as 1 on Mi and restricted to the quaternion group Q8 the modules ML 
are the two-dimensional irreducible representation of Q8 over a finite prime field [Fi of 
odd characteristic pi. It is well known that there are irreducible two-dimensional 
representations of the quaternion group of order 8 over every field of odd character- 
istic (see e.g. [2, (27.1) and (74.1 l)]). We choose p1 # pz. On Ml the element cr operates 
as 1 and on M2 it acts as - 1. Let G be the semidirect product of M with H: 
G:= (M, x M2)xH. 
Since a acts trivially on M:= Ml x M2 the automorphism ~1, conjugation by CJ on H, 
can be extended to G as (idM, CC), also denoted by LX The extension is central since on 
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H the elements h and a(h) are conjugate by either a or a2 or 1. All of these elements 
centralize M, and therefore c( as automorphism of G is central. In fact, for every integer 
i and j the elements a’bcaj and aib3caj are centralized by ao, the elements a’caj and 
a’b*caj are centralized by a20 and the rest of H is centralized by c itself. 
4. The automorphism is semilocally inner 
We claim that CI is inner in RG with a suitable semilocal ring of integers R, 
contianing a pr ‘p2. 8-th root of unity, and neither p1 nor p2 nor 2 are invertible in R. 
Note that the Noether Deuring theorem ([6]) implies that there is no loss of generality 
if we assume that the quotient field of R is a splitting field for G. This can be applied 
since the outer central automorphism group of RG can be mapped into Picent (cf. 
[3]) by means of mapping the automorphism $ to the invertible bimodule ,RG, 
where the left module action is twisted by 4. For details see [3, Theorem 11. 
Using Frohlich’s result [3, Theorem 63 for a semilocal domain R 
Outcent 5 n Outcent(R,,G), 
(sSpec(R) 
and interpreting CI as an invertible bimodule as above it is enough to show that a is 
inner for all completions of R at finite primes @: We extend CI to a central automor- 
phism c(,, of R,,G and map the bimodule corresponding to a to the finite direct product 
of bimodules corresponding to clb,. 
For non semilocal Dedekind domains R the obstruction to globalize local automor- 
phisms is a central subgroup of the class group of the centre of the group ring. In fact, 
denoting by Cl(n) the locally free class group of the order /i, the sequence 
1 4 Cl(centre(RG)) --* Picent(RG)--+flk,ESpec(Ri Picent(R,,G) + 1 
is exact (cf. [3, Theorem 63). Using class field theory (cf. [4, Satz 73) this implies that 
there exists a ring of algebraic integers S in an algebraic number field L, L being finite 
over the quotient field of R, such that c( becomes inner as an automorphism of SG. 
4.1. The crucial calculation 
We now come to the central point in the proof. 
We shall show in the next subsection that the following three groups will occur as 
inertia groups at various primes @: 
1. I1 := (M, a, a) is normal in G. 
2. I2 := (M, a, g. b2) is normal in G. 
3. I,:= (M, a) = IInl,. 
We take this as guaranteed for the moment. At the prime @ the group ring has a ring 
direct factor of the form (gi ‘eM. R,,I. e,,, .g,: ‘), 5 ,., s ., with I E {I,, Z2, I,}. Recall 
that ei = gleM for gi E Hk and Hk suitably chosen according to the inertia groups Ik. 
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We now consider the three cases Ii, I2 and I3 separately. In case I = I~ we can 
choose the transversal 
H,:= (1, b, b2, b3,c,cb,cb2,cb3) = H$Jc.H:. 
In case I = I2 we can choose the transversal 
H2 := { 1, b, b2, b3, c, cb, cb2, cb3} = H@c 
In case I = I3 we can choose the transversal 
H!. 
H3 := { 1, b, b2, b3, (T, ba, b20, b3a, c, cb, cb2, cb3, CT, cba, cb2a, cb30} 
= H’&c.H;. 
We have seen that 
C?i. R,,,G . I?j = gi. eM. R, I. e,$., ’ g,: ‘. 
Thus, by Eq. (l), in case I = I1 and in case I = I2 the action of c( on 
(ei. R,,G.ej)l c i,jcs is multiplication by a4 if 4 I )i - jl and the identity otherwise, 
hence, conjugation by the matrix 
1 4x4 
0 
Here we denote by l,,, the m x m unit matrix. Therefore, a acts as inner automor- 
phism on the ring direct factor corresponding to eM. 
In case I = I3 a similar observation yields that tx acts as conjugation by 
( 1 8x8 0 0 > &.l,,s . 
Hence, by Proposition 1, CI acts as inner automorphism on the ring direct 
corresponding to eM as we11.4 
4.2. Determination of the inertia groups 
We choose a prime @ E Spec(R) and discuss various cases for @. 
Case 1: 2 E p. Then the group ring decomposes as 
factor 
R,G = I,<,W )G n R, H. 
On R,,H the automorphism tl is conjugation by 0. For ZRIJ(M)G we apply Clifford 
theory. Let x be an irreducible non-trivial character of M as abelian groups (the 
quotient field of R is a splitting field for M) with kernel K E Ml x M2. 
For x there are three cases which have to be considered separately: 
“Note how sensitive this construction is with respect to the group G. 
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1. If M2 c K then the inertia group I, contains M, o and a. If he H lies in I, we 
observe that the sequence 
l--+(a, o)--+H-Q,--+1 
splits. Hence, we may assume that h E Qs, but there are fixed points on neither Ml nor 
M2, a contradiction. Thus 
I, = (M,a,a) = II, 
and c( is seen to be inner. 
2. Ml c K, then obviously I, 2 (M, a, b2. a). Similarly arguments how that 
I, = (M, a, b2. a> = 12. 
Now, here c1 is also inner. 
3. If neither Ml nor M2 belongs completely to K the inertia group 
I,=(M,a)=I, 
is the intersection of the two inertia groups of the previous cases since M = Ml x M2 
and (p, (MI) = 1. Again we see that CI acts as inner automorphism on the factor 
corresponding to that character of N. 
Our automorphism now acts as inner automorphism on each of the factors and 
x,, is inner in R,,,G provided 2 E @. 
Case 2: p1 E p. Then the group ring decomposes as 
R,.,G = IR,,(M21Gn R,,GIM,. 
On the second factor the automorphism c1 is conjugation by 0 and for the first factor 
we take an irreducible non-trivial character x of M2. Then the inertia group is 
I, = (M, a, b2. a) = I2 
as before. As above, u$, is inner. 
Case 3: p2 E @. Then the group ring decomposes to 
On the second factor the automorphism u is conjugation by b2 * o and for the first 
factor we take an irreducible non-trivial character x of M 1. Then the inertia group is 
I,= (M,a,o) = II 
as before. Again, as above, Clifford theory tells us that a$, is inner. 
Case 4: 1 GIR,, = R,,. Then the group ring R,,G is separable and every central 
automorphism is inner. 
We have shown that c( is an inner automorphism of RG. 
Now we show that a is not inner as group automorphism. On G/M the automor- 
phism is conjugation by B. The conjugating elements on G/M are, therefore, contained 
in cr. (a4, b2). Since a4 is central in G, we may assume that the conjugating element 
maps onto an element in rr. (b’). Therefore, the conjugating element in G is rn. b’j. u 
for some m E M and j E Z. But on M 1 this operates trivial if and only if j is even and 
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on M2 it operates trivially if and only ifj is odd. Thus it cannot exist and a is not inner 
in G.5 
Now, the invertible bimodule6 .(RG), is isomorphic to i (RG), , and therefore, by 
[6], we have .(Z,G), N ,(Z,G), with n being any finite set of primes. 
Proposition 2. For the group G of order 27 .pf .p: as above the natural map 
Outcent + Outcent(Z,G) 
is not injective. For p1 = 5, p2 = 3 the group G has generators and relations7 
G = (a, b, c, g, x1, x2, y,, y2) subject to the relations (a8 = 1, b4 = 1, c4 = 1, 
(bc)’ = b2 = c2, (CJ, a) = 1, (0, b) = 1, Uc = u4c, bu = a7,‘u = a3, x: = 1, x; = 1, y: = 1, 
Y:=L (4x,)=1, @,x2)=1, (4y1)=1, k4y,)=L (&x1)=1, (0,x2)=1, 
“y, = y; l, uy, = y; l, bX1 = x2, bX2 = x; l, cxl = x:, cx* = x:, by, = y,, by, = y:, 
cYl =Y:~Y2~cY2=Y~~Y2~~~1~~2~=~~~~Yl~=~~2~Yl~=~Yl~Y2~= 1. 
Remark 1. J. Krempa proved that there can at most be an elementary abelian two 
group in the kernel of the group homomorphism from Outcent to Outcent (cf. 
[S, 3.2 Theorem]). 
Claim 1. Outcent is of order 2. 
Proof. Let /I be a central automorphism of G. The Schur-Zassenhaus theorem assures 
that we may vary /3 by conjugation with an element in M such that H:= (a, b, c, a) is 
fixed under /I. Therefore, we assume that b itself fixes H and we may calculate in 
H modulo M. 
Let /I be a central automorphism of H. Since the conjugacy class of a cosists of the 
elements {a, a3, 2, a’} the normal subgroup A:= (a) of H is fixed under /I. Since /3 is 
central and elements are conjugate to their image we may assume that b(b) = b (if not 
we modify /3 by an inner automorphism). The conjugacy class of c consists of the 
elements {c, a’c, u4c, u6c, c3, a2c3, u4c3, a6c3}. If we vary by conjugation by IS and (or) 
b, centralizing b, we may assume that p(c) E { c, a’c}. The conjugacy class of bc is equal 
to {bc, a4bc}, and therefore c cannot be mapped to u2c under /3 if b is fixed. We may 
assume that b and c are fixed. The conjugacy class of o is equal to {a, a40}. The 
conjugacy class of aa is equal to {ao, a70}. Therefore, from /I(~)E {a3, u”} it follows 
/I(a) = a40 and from /?(a) E {a, u’} we conclude /I(g) = CJ. 
We have only four candidates left. These are generated by the two automorphisms of 
order 2: A1 and A2 with 1i (a) = a7 and the rest of the generators stay fixed and n,(a) = a3, 
n,(o) = u4, and the rest of the generators tay fixed. The conjugacy class of abc is equal 
to {abc, a5bc, a7b3c, a3b3c}. Hence, neither 1, nor A2 are central automorphisms. 
For the automorphism Al . A2 we look at the conjugacy class of ay2 which has length 
8. An automorphism has to map y, to either y, or to y; ’ since the H-modules ‘lA2M 
5These arguments are also checked by GAP. 
6We adopt the notation of [3]. 
‘The commutator of g and h is denoted by (g, h). 
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and M are equal and an automorphism extending iI& differs on M from the identity 
by an automorphism of M which preserves the orbits of H on M. But all of the 
elements in bc. C,(a) move y2 neither to y2 nor to y; I. We seen that also ;1r A2 cannot 
be central.’ 
Assuming b to be the identity on G/M the automorphism is a module emdomor- 
phism of M as G/M-module. The endomorphism ring, however, is the prime field on 
each of Ml and M2 and only the element - 1 is realizable by the operation of a group 
element. It may hence be realized by the operation of elements in the subgroup ( b2, o) 
which causes cx modulo conjugation by b2. 
We conclude: Up to inner automorphisms of G there is ony one non-trivial central 
automorphism of G including the identity on H. 
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